We show how the expectation values of geometrical quantities in 3d quantum gravity can be explicitly computed using grasping rules. We compute the volume of a labelled tetrahedron using the triple grasping. We show that the large spin expansion of this value is dominated by the classical expression, and we study the next to leading order quantum corrections.
are explicitly reported in the Appendix, where we also fix our phase convention for the evaluation of spin networks, and show how this is related to the grasping rules.
Throughout we define the Planck length as ℓ P := 16π G.
II. PONZANO-REGGE MODEL AND GENERATING FUNCTIONAL
We consider here the PR model on a fixed triangulation ∆ of the spacetime manifold M . This can be obtained from a path integral quantization of the first order triad action for Riemannian GR. In the continuum, the fundamental fields are the SU(2) connection ω 
where the trace Tr is over the SU(2) indices, and F (ω) is the curvature of ω. This action can be discretised on ∆ as follows. Consider an embedding i : ∆ → M , which allows to think of ∆ as a cellular decomposition of M . Using this embedding, we can define the vectors ℓ µ s ∼ s dx µ , tangent to the segments s of ∆. Analogously, we can define the vectors ℓ µ e ∼ e dx µ tangent to the edges e of the dual triangulation ∆ * (which we recall are in one to one correspondence with triangles of ∆).
We then discretise the triad field with an su(2) algebra element, associated to the segments of ∆, and the connection with an SU (2) 
We also introduce the quantities g f = e∈∂f g e associated with the faces f of ∆ * . We see from (3) that these quantities discretise the curvature, g f ∼ exp f F (ω). Recalling that faces of ∆ * are in one to one correspondence with segments of ∆, we will use from now on the notation g s ≡ g f .
Consequently, we write the discrete action as
When the embedding is sufficiently refined, and the coordinate areas consequently small, we can expand g s ∼ ½ + f F (ω). Recalling that Tr T = 0 for any T ∈ su(2), we see that (4) reduces to (1) . The quantum theory can be constructed from the partition function
dg e s su (2) dX s e 
This quantity can be evaluated using the harmonic analysis of SU(2) (for details, see for instance [1] ), and one obtains
where the sum is over all possible assignments of half-integers j to the segments of ∆. The half-integers, or spins, label the irreducible representations of SU (2) . The quantity d j := 2j + 1 is the dimension of the representation. Finally, a {6j} symbol is associated with each tetrahedron τ of ∆. For more discussion of the PR model, see [13] . The {6j} symbol is the key object of the recoupling theory of SU (2) , and it depends only on the six js attached to the segments of the tetrahedron. It can be written in terms of the Wigner 3m-symbols as 
The {6j} symbol has a well-known asymptotic behaviour, namely that if we rescale the half-integers entering the {6j} symbol as j s ≡ N k s , we have [2, 14, 15] lim N →∞ {6j} = 1 12πV (j s ) cos
where V (j s ) is the classical volume of the tetrahedron with segment lengths given by j+ 1 2 , and θ s are the corresponding dihedral angles, namely the angles between the normals to the triangles. As it will be useful in the following, we recall here that the volume of a tetrahedron can be expressed in terms of a dihedral angle using the formula
where A 1 and A 2 are the areas of the two triangles t 1 and t 2 sharing the segment s, as shown in the above figure.
The areas can be expressed in terms of the segment lengths, using Heron's formula (see the Appendix). The key point of (8) is the argument of the cosine: up to the factor π 4 (which does not change the equations of motion), this is the Regge action S R = s ℓ s θ s (ℓ s ), a discrete approximation to classical GR. Therefore, the amplitude of Z is dominated by exponentials of the Regge action, which makes it promising to study the semiclassical limit in this way. If this is correct, then also the geometrical quantities that one can evaluate in the model should reduce to their classical expressions, in the large j limit defined above.
However one would expect a single exponential to arise in the semiclassical limit, namely Z GR ∼ Dg e iSR . The meaning of this difference is well studied, see for instance the discussion in [1] . We might then conclude that on a single tetrahedron τ Z(τ ) = Z GR (τ ) + Z GR (τ ). As we will see below, this fact has consequences for the expectation value of the volume.
To introduce the geometrical observables in the PR model, below we write them as gauge-invariant functions of the variables X I s . Then, to compute their expectation values, it is convenient to introduce a generating functional,
dg e s su (2) dX s e i P s Tr Xs(gs+Js) .
Here the D are representation matrices. The quantity (12) represents the {6j} symbols with source insertions. The J's are attached to the segments of ∆; they are the sources of the quantum excitations j s . For all J s = 0 (12) reduces to the expression for the {6j} symbol given above, thus
.
Consider now a gauge-invariant observable constructed from the X 
In the next Section, we will use this procedure to compute expectation values. To do so, we need to know the action of the algebra derivatives. Acting on a group element in the representation j, we have
where T I(j) is the I-th generator in the representation j. By inspecting (12) , we see that a derivative acting on J s attaches to the segment s an algebra generator in the irrep j s labeling the segment. This action is called "grasping", and it is described in more details in the Appendix. In particular, we are interested in quadratic and cubic gaugeinvariant functions Φ, such as squared lengths and volumes, which are related to the action of quadratic and cubic graspings.
III. GRASPINGS AND QUANTUM GEOMETRY

A. Quadratic graspings: lengths and angles
The classical geometrical observables can be described using the discrete variables X I s . For instance, the length of a segments can be written as ℓ
In the same way, we can study the angles between the segments. To this aim, we consider the two segments s 1 and s 2 , sharing a vertex, and the segment s 3 closing the triangle. The angle can be read from the scalar product ℓ s1 · ℓ s2 = ℓ 
To evaluate this quantity, we need the action of the double grasping, which is computed in the Appendix. For the case s 1 = s 2 ≡s, the relevant grasping gives
Consequently, we have
We see that the value of the quantum squared length of a labelled segment is given by ℓ 2 P C 2 (js). This is the basic result of quantum geometry, and we wee that the origin of its discreteness lies in the compactness of the group SU(2), which gives a discrete series of representations. Therefore, ℓ s acquires only discrete values, consistently with the canonical result [1] .
For the case when s 1 = s 2 share a vertex, the relevant grasping gives
where s 3 closes the triangle with s 1 and s 2 . Therefore, we see that the value of cos θ s1s2 is given by the expression
Notice that this expression coincides with the classical one, once we identify the Casimir with the segment lengths. However, this does not mean that the angle behaves classically: as the Casimir is discrete, the angle cannot range continously between 0 and π, instead only specific values are allowed. Among these, the equilateral case: if we set all j s = j 0 in (19), we obtain 
B. Triple grasping: volume
We now come to the explicit computation of the volume, which is the first non trivial geometrical object in the PR model. This is defined as
The reason for the factor 3! lies in the fact the the determinant is the infinitesimal (metrical) volume of a cube, and there are 6 tetrahedra in a cube. To express V τ in terms of the variables X 
This resolution of the identity can now be inserted in the definition (20) of e, in order to give the variables X I s :
Notice that from the definition of n
With an eye at the construction of its quantum version, it is convenient to symmetrise this expression. One possible way to do so is to take the same point p in each insertion of (21), and then sum over the four contributions:
where in the latter expression s 1 , s 2 and s 3 are a fixed right-handed triple belonging to the given p. Alternatively, we can consider all possible sixteen non-coplanar triples of segments, and write
This formula was proposed in [3] . Notice that this latter case is more generic: (22) can be obtained from (23) restricting the triplets in the sum. The two expressions are clearly classically equivalent, but lead to different quantum values.
As we show below, the corresponding values in the quantum theory have the same semiclassical leading order, but different corrections.
As it is more generic, we consider first the expression (23) . Using the generating functional as above, we have
The derivatives act only on the sources present in the tetrahedronτ . Therefore, Vτ depends only on the six js enteringτ . The quantity in round brackets gives rise to the triple grasping on the tetrahedron, as explained in the Appendix. Depending on the configuration of the triplet s 1 , s 2 , s 3 considered, different types of grasping are involved. These types, together with the result of their evaluation, are listed in Table I . We report the details of the evaluation in the Appendix, and discuss here the results. First of all, notice the colour coding: we used red for those graspings, type 2 and 3, corresponding to non coplanar triplets of different segments, which would be classically used to compute the volume. Blue, on the other hand, is used for configurations which classically would not contribute. These correspond to cases when the three segments are coplanar (type 1), or when two (type 4 and 5) and even all three (type 6) are the same. As in the classical case, coplanar triplets do not contribute to the volume (and this is the reason why we did not include this grasping in (23)). On the contrary, the classically absent types 4, 5 and 6 do contribute to the volume, but only at the level of quantum corrections, as they scale as j 2 (see column on the right of the Table) . Indeed, the relevant graspings for the semiclassical limit are only the types 2 and 3, as they scale as j 3 . We see from the results listed in the table that evaluating the action of the triple grasping is more involved than the quadratic one. In particular, notice that the graspings 2, 3 and 5 do not preserve the original tetrahedral amplitude {6j}, but contain a superposition of terms.
The results listed in the Table can be extended to the other configurations by permutating the segment labels. For instance, we reported the grasping of type 2 acting on the vertex 126. The evaluation of the same grasping on, say, the vertex 234 can be obtained under the permutation 123456 → 231564. With this understanding, we can write the action of (22) as
where the explicit values of the coefficients c ± (j s ), c 0 (j s ) are given in the Appendix. Notice that they vary when different configurations (here different points of the tetrahedron) are considered. For simplicity of notation we did not write explicitly the dependences of the coefficients on the configuration. Type 2 is the only grasping entering (22) , whereas the more generic definition (23) involves all the different graspings, and the result would be (i times) the sum of all the grasping evaluations listed in the Table. Notice that in both cases the value of the volume is purely imaginary. This was anticipated in [4] , and can be understood as follows. Firstly, the volume is odd under change of orientation, namely V (τ ) = −V (−τ ). Secondly, the unitarity of the PR amplitude implies Z(τ ) = Z(−τ ). Therefore V (τ ) = − V (τ ) which implies Re V (τ ) ≡ 0. As argued in [4] , this volume can be related to a real volume V (τ ) GR , computed using the Z GR partition function defined in Section II, which we recall satisfies Z = 2 Re Z GR . Formally we have
from which
Let us now restrict this formula to a single tetrahedron, and assume that in the semiclassical limit
. Under this assumption, the large spin limit of (27) formally reads
We expect the value of the volume in the PR model to obey a relation like the one above. Also, notice that the same reasoning applied to the squared volume gives
, thus the PR model should indeed reproduce the correct semiclassical limit of the squared volume.
Grasping
Evaluation Leading order
The different triple graspings. The labels for the segments are as in (11) . In red, the classical configurations; in blue, configurations which are absent in the classical case. The details of the evaluations, as well as the explicit values of the coefficients c−, c0 and c+, are reported in the Appendix. With abuse of notation, we used the same symbol c for the coefficients of types 2, 3 and 5; however, a permutation of the segment labels is involved in going from one type to the other. For each grasping type, a single configuration is shown; the others can be obtained by permutations of the segments. Finally, notice that there are symmetries in the evaluation: for instance in type 2, we chose to write the final result in terms of {6j} shifted in the variable j1, but we could have just as well shifted j2 or j6, and the coefficients c±(js), c0(js) would have accordingly changed.
IV. THE SEMICLASSICAL LIMIT OF THE VOLUME
All the non-zero graspings (plus all possible permutations) listed in Table I contribute to the quantum volume. However, not all of them contribute to the leading order of the large spin limit. Indeed, the graspings have different overall scalings, which we reported for commodity in the column on the right. In particular we see that all the degenerate (classically absent) graspings do not contribute to the leading order.
Let us focus our attention to the first non-degenerate grasping, number 2 in the Table. This, we recall, is the only grasping entering the definition (22) of the volume. As we see from the Table, the evaluation of the grasping gives a superposition of {6j}s. To study the large spin limit, consider first the coefficients: as we show in the Appendix, in the large spin limit we have
Here l 1 = j 1 + 1 2 and A 123 is the area of the triangle bound by the segments l 1 , l 2 and l 3 . The asymptotics (29) are crucial: if we compare them with (9), we see that we are on the right track, a factor (sin θ 1 ) /3 is all that is missing to recover the classical formula of the volume. On the other hand, (30) shows that the "diagonal" term, the one with j 1 unchanged in the {6j}, can be neglected at the leading order. The leading order then emerges only from the superdiagonal and the subdiagonal, namely the ones with j 1 ± 1 in the {6j}. Interestingly, this is analogous to what happens for the volume operator in the canonical approach of loop quantum gravity (see for instance [16] ). Using (8) to expand the {6j}s entering the grasping 2, the result reads
For large spins, the Regge actions can be expanded. Using the well known property ∂SR ∂js = θ s , we have
Consequently,
The expansion of the Regge action has produced the sine of the dihedral angle needed to recover the classical formula for the volume. Putting everything together, (31) reads
In the large spin limit, we then have
We see that the leading order of the quantum volume is indeed proportional to the classical formula (9) , but there is the extra factor of the tangent of the Regge action. This was to be expected, and it is consistent with the formal manipulation (28).
As discussed above, we can consider the squared volume V 2 , given by (minus) the squared of the triple grasping in (24), to obtain a real expectation value and avoid the extra tangent factor. However, graspings in general do not commute, thus the definition of their products requires an ordering prescription. For the objective of studying the semiclassical limit, the appropriate ordering seems to take some sort of "temporal ordering": we act with the two triple graspings one after the other, without allowing them to self-intersect. With this ordering, it is easy to compute the value of V 2 starting from the results listed in Table I . In particular, acting twice in a row with the grasping type 2 and proceeding as above, we obtain the following leading order,
from which we conclude that
We obtain the correct semiclassical limit for the value of the squared volume. Notice that this result can be generalised to arbitrary powers of the triple grasping: this ordering prescription allows to immediately identify the (semiclassical limit of the) n-th power of the triple grasping (which is giving raise to ±n shifts in the {6j} symbol) with the n-th power of the volume (times the factor i tangent if n is odd).
In conclusion, the asymptotics of (powers of) the triple grasping are dominated by (powers of) the classical formula (9) for the volume of a tetrahedron. It is interesting to notice that the polynomial part of this formula arises from the coefficients of the grasping, see (29). The non-polynomial part, namely the sine of the dihedral angle, arises on the other hand from the expansion of the Regge action entering the modified {6j}s with ±1. Thus the fact that the triple grasping produces a superposition of {6j}s is crucial. Furthermore, let us remark again that the fact that the leading asymptotics come from the terms with ±1 is somewhat reminiscent of the fact that in the spin network basis the canonical 3d volume operator in loop quantum gravity has values only on the superdiagonal and the subdiagonal.
V. QUANTUM CORRECTIONS
Having discussed the meaning of the factor i tangent in (35), we now look at the next to leading order corrections to the quantum volume. Let us first consider the quantum corrections to the grasping of type 2. These are the only ones entering the definition (22) of the volume. There are three types of corrections:
• Corrections from O(l 2 ) terms in the coefficients c i (l s ). These can be read from the Appendix, respectively from (B22), (B18) and (B23).
Using the fact that c (1) := c
+ (see the Appendix) and expanding the Regge action as above, this correction can be simply written as
Recall that c (1) and c 0 depend on the configuration chosen (i.e. the triplet grasped -here 126). The correction to the volume is obtained summing over all configurations (four different ones using (22) , sixteen using (23)), which restores a symmetric expression.
• Corrections from higher orders in the expansion (32) of the Regge action. These can be obtained as follows.
First of all, we keep up to the second order term in the expansion of the Regge action,
The exact form of the second derivative G 11 := 1 2
can be computed from elementary geometry (for examples, see [9] ). From dimensional analysis, it is clear that G 11 ∼ 1/j, thus we expect this term to contribute to the corrections. The contribution can be easily computed. We have sin(θ 1 + G 11 ) ≃ sin θ 1 + G 11 cos θ 1 instead of (33), thus the extra piece gives a correction to (34) of
Here again, one has to sum over all the relevant configurations to obtain the correction to the volume.
• Corrections from higher orders in the expansion (8) of the {6j} symbol. Unfortunately, the next term in (8) is not known in the literature, thus we cannot pursue this analysis to the end. However, numerical investigations performed in [9] hint for a next term of the type N V (js) 5/6 cos(S R (j s )+φ), where N and φ are numerical constants. This ansatz is just one power of j below the first term, thus it contributes to the next to leading order,
The relative sign of this correction depends on the sign of the numerical constants N and φ. The fit obtained in [9] for the equilateral case when all j s are the same, gave N = −0.36, φ = 0.68.
Summing (38), (39) and (40) among themselves and over the four configurations of grasping type 2 (corresponding to grasping the four different vertices), we obtain the overall next to leading order correction to the quantum volume. The analysis of the corrections of the grasping of type 3 leads exactly to the same results above. However the two definitions (22) and (23) do differ at the level of quantum corrections, as the latter also receives contributions from the degenerate graspings of type 4, 5 and 6.
Consider first the graspings of type 5. Its leading order can be immediately read from type 2 -provided we take into account the extra denominators reducing by one power of j the coefficients of the graspings. We can thus write
Finally, 4 and 6 can be recognised, using the results of Section III A, to be the values of the various scalar products between segment vectors, ℓ s · ℓ s ′ . Including all the permutations, we simply have the overall correction
These extra corrections (41) and (42) allow us to distinguish and differentiate between the two definitions of the quantum volume.
VI. CONCLUSIONS
By relating the classical observable to a grasping operator and using the recoupling theory of SU(2), we explicitly computed the value of the quantum volume of a labelled tetrahedron in the PR model. The various terms contributing to the quantum value are reported in Table I , and the details of the evaluation in the Appendix.
Then, we studied the semiclassical limit by considering the large spin expansion. The leading order, given in (35), is indeed dominated by the classical formula, but an additional factor is present. This factor, i times the tangent of the Regge action, can be understood as a consequence of the fact that the PR model sums over both orientations of spacetime, and was indeed anticipated in [4] . Consistently, the value of the squared volume should not have this problem, and we confirmed this expectation: the value of the squared volume, given in (37), is dominated precisely by the classical formula. In doing so, we introduced an ordering prescription for the products of graspings. Using this prescription, it is easy to see that the nth power of the triple grasping has the asymptotics dominated by the nth power of the classical volume (times a factor i tangent if n is odd). The existence of such an ordering prescription could turn out to be important in studying the large spin expansion of spinfoam models of gravity coupled to matter field.
It is interesting to note that a key factor of the classical formula, namely the sine of the dihedral angle, does not come directly from the coefficients of the grasping, but from the fact that the triple grasping changes the initial {6j} into a superposition of {6j}s. This fact mimics the structure of the canonical volume operator.
We considered two different definitions of the quantum volume, related to classically equivalent different discretisations, and the results summarised above hold for both definitions. However, we also showed how one can compute the next to leading order quantum correction, and this is where the two versions of the quantum volume differ. We expect this to be a generic feature of constructing quantum observables starting from discrete classical quantities: different quantum observables corresponding to classically equivalent quantities, even if they have the same semiclassical leading order, could still differ at the next to leading order. The latter can be then used to distinguish them.
In particular, the next to leading order also depends on the second term in the expansion of the {6j} symbol, a term which is not analytically known at the moment. At this stage, we are thus not yet able to say what is the relative sign of the correction, and so we leave the issue open. However, let us stress that knowing the next term of the {6j} is also useful to study how quantum gravity can give rise to a different perturbative expansion for the graviton propagator, as suggested in [9] , so computing this term analytically could be useful for several reasons.
The results reported here show that the large spin limit reproduces semiclassical geometry in 3d quantum gravity. It is important to extend a similar analysis to the physically interesting 4d case. However, the situation is more subtle in 4d. In fact, the classical geometrical quantities do not commute in 4d spinfoam models of quantum gravity. Therefore an eigenstate will not in general have the semiclassical limit, just as well as one can not study the semiclassical limit of the harmonic oscillator on an eigenstate of the energy. It is necessary to first construct appropriate semiclassical states, or coherent states. A class of semiclassical states for the tetrahedron of Loop Quantum Gravity were proposed in [17] . It would be interesting to apply the logic described here to study the value of the quantum volume of these states.
Evaluating a spin network refers to taking all group elements to the identity, g l → ½ ∀l, and defines a map
To fix the normalisation of the spin networks, consider the θ graph j1 j2
j3
. Using the normalised Wigner 3m-coefficients as intertwiners, (A1) reads
and its evaluation gives
The inequality that has to be satisfied is the usual Clebsch-Gordan condition. Given an arbitrary spin network, its evaluation is identically zero unless the Clebsch-Gordan condition hold at all nodes.
1. The {6j} symbol.
On the tetrahedral graph
This object has the symmetries associated with the geometrical symmetries of the tetrahedron pictured above and, more fundamentally, it satisfies the Biedenharn-Elliott identity,
An analytic expression for the {6j} is provided by the Racah formula [21] ,
where
k is an integer, and the sum in (A6) is over all admissable k. From the graphical representation of the {6j} symbol, it is clear that the Clebsch-Gordan conditions must hold on all four nodes, so that the functions ∆ appearing in (A6) are all well-defined. Some useful explicit values of (A6) are the followings:
from which we immediately read
As it will be useful in the following, let us recall here the definition of the {9j} symbol,
Notice that it is antisymmetric under exchange of rows, thus
The {9j} symbol is the evaluation of the spin network on the hexagonal graph d d .
APPENDIX B: GRASPING RULES AND RECOUPLING THEORY
The action of an algebra derivative on a group element in a representation j is given by
where T I(j) is the I-th generator, in the irrep j. We picture this action as (−i) j . The dashed line represents the insertion of the algebra generator. A dashed 3-valent vertex represents the algebra structure constants iǫ ijk . The insertion of an algebra generator is equivalent to adding a link in the adjoint irrep, up to normalisation. We fix the normalisation 1 as to match the grasping rules of Bar-Natan [22] , namely
To this end, we choose
With this normalization, the action of the double grasping is the insertion in the spin network of an additional link in the adjoint irrep, weighted by the labels of the two links grasped:
Here and in the following, a line with no labels means a link coloured with the adjoint j = 1 irrep. In the same way, the triple grasping is the insertion of a 3-valent node in the adjoint irrep, weighted by the labels of the three links grasped:
Therefore, evaluating the action of a grasping operator on a given spin network amounts to evaluating a new spin network, obtained by adding to the former the graph of the grasp in the adjoint irrep. To compute the action of the grasping operators, it is then convenient the use of the recoupling theory.
The key equation to be used is the recoupling theorem:
From the definition of the θ spin network and the Clebsch-Gordan conditions, it follows that
Using (B6) repeatedly, it is easy to demonstrate the following 3-vertex contraction:
Notice that if we add an extra node to close the links j 1 , j 2 and j 3 on both sides of (B8), and using the normalisation of the θ spin network, we get back the definition of the {6j} symbol as the evaluation of the tetrahedral spin network.
To evaluate the graspings, the strategy is the following: we use the definitions (B4) and (B5) to obtain new graphs; then we use (B6) enough times to reduce the new graphs to the original ones. In particular in the next Sections, we will apply this strategy to the tetrahedral graph, in order to study the spectra of geometrical observables in the Ponzano-Regge model.
The double grasping on the {6j}
Here we show how to evaluate the double grasping on the tetrahedral spin network. These results were used in Section III A.
Computing the quadratic grasping on a single link is trivial, all we need is the bubble move (B7):
This proves (16) used to compute the spectrum of lengths. Computing the grasping on two different segments sharing a point is also very simple. We have
The graph obtained with the grasping can be straightforwardly reduced to the initial tetrahedral graph, simply using (B8) once:
Therefore, using the explicit expression (A9), we obtain (18),
which we used to compute the spectrum of angles.
The triple grasping on the {6j}
Here we show how to evaluate the triple grasping on the {6j} symbol, a result used in Section III B. As shown in Table I , there are several types of graspings that one has to consider. We proceed in the order given there.
If we use the symmetries of the {6j} symbol, we see that the coefficient obtained in front of the original {6j} matches the definition of the {9j} symbol introduced in (A13),
By symmetry, this result applies to all coplanar triples, and we recover the classical result: there is no contribution to the volume from coplanar segments.
Grasping 2.
The calculation yields substantial differences from the previous one. The main one is the new spin k replacing the original j 1 in the {6j} (by symmetry, we could have replaced j 2 or j 6 , without changing the final result). From the third {6j} in the coefficient above, we read that the sum ranges over k = j 1 − 1, j 1 , j 1 + 1. We can thus write the result above as
where, using the formulae reported in the Appendix A,
c + (j s ) = − j 1 4(j 1 + 1)(2j 1 + 1)
(1 + j 1 + j 2 − j 3 )(1 + j 1 − j 2 + j 3 )(−j 1 + j 2 + j 3 )(2 + j 1 + j 2 + j 3 ) ×
(1 + j 1 + j 5 − j 6 )(1 + j 1 − j 5 + j 6 )(−j 1 + j 5 + j 6 )(2 + j 1 + j 5 + j 6 ).
Let us now discuss the large spin expansion of this result. First of all, recall that the spins are related to the (here adimensional) lengths through l s = j s + 
As a useful shorthand, we will define the quantity
and generalize to arbitrary V i by the symmetry of the tetrahedron. Notice that from (9) we immediately have V = . The values from the other three vertex graspings can be obtained by symmetry. The other three contributions can be obtained as above, considering the other three cases (j 1 , j 3 , j 5 ), (j 2 , j 3 , j 4 ) and (j 4 , j 5 , j 6 ). 
